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Swelling of polymer networks with topological constraints:
Application of the Helmis-Heinrich-Straube model
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Abstract. For the first time since its formulation in 1986, the theoretical approach proposed by Helmis, Heinrich and Straube
(HHS model), which considers the contribution of topological restrictions from entanglements to the swelling of polymer
networks, is applied to experimental data. The main aspects and key equations are reviewed and their application is illustrated
for unfilled rubber compounds. The HHS model is based on real networks and gives new perspectives to the interpretation
of experimental swelling data for which the entanglement contributions are usually neglected by considering phantom network models. This investigation applies a reliable constrained-chain approach through a deformation-dependent tube model
for defining the elastic contribution of swollen networks, which is one of the main limitations on the applicability of classical
(affine) Flory-Rehner and (non-affine) phantom models. This short communication intends to provide a baseline for the application and validation of this modern approach for a broader class of rubber materials.
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1. Introduction

linked polymers, Φmix, as a function of the volumetric fraction of rubber φr is written in Equation (1):

The determination of the average cross-link density
of rubber compounds by equilibrium swelling experiments [1, 2] is a standard method in rubber science and technology. A relative comparison of the
cross-link density can be achieved with different approaches from which then the average mass between cross-links Mc can be calculated; however,
the careful selection of the underlying physical
models is critical to obtain reliable information on
a quantitative level.
The swelling behavior of rubber networks is usually
based on the Flory-Rehner model [3–6], which postulates that mixing and elastic components of the free
energy are additive and separable. According to the
Flory-Huggins approach for the Gibbs free energy
of mixing, the related chemical potential for cross-

U mix = ln R1 - z r W + z r + | $ z2r

(1)

where χ is the Flory-Huggins interaction parameter
[7, 8]. χ strongly influences the accuracy of swellingderived quantities [9] and is known precisely only
for a limited number of polymer-solvent pairs.
The expression of the elasticity contribution to the
chemical potential depends on the assumed molecular theory. Thus, the selection of an appropriate
physical model represents the highest source of uncertainty in the final calculated cross-link density
from equilibrium swelling experiments [9]. Two classical limits exist for the elastic response of swollen
networks: The affine Flory-Rehner [4–6] and the
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non-affine phantom approach [10, 11]. These models, which are still the most used nowadays, are
based on phantom networks i.e. Gaussian chain statistics with free chain movement without interference from the neighboring chains where the effect
of entanglements is not considered.
The main aim of this communication is the analysis
of the accuracy of another, not so known, theoretical
approach published in 1986 by Helmis, Heinrich and
Straube (HHS model) [12] . Here, the elasticity term
of real swollen polymer networks also considers the
conformational constraints through a deformationdependent network-chain tube model [13], which in
general has been identified as a powerful and robust
constitutive model [14] in order to understand the
elasticity of unswollen rubber materials.
After its initial publication, the HHS approach has
never been applied to analyze experimental data.
While other constrained-chain approaches have been
applied to define the effect of entanglements on the
elasticity contribution in swollen networks (e.g. [15]),
the consideration of the tube model in the framework
of the equilibrium swelling formalism will constitute
an advance in consistency for the comparison of experimental data from different methods and the unification of different approaches for the understanding of rubber behavior.
The main assumptions made in the HHS model are
the additivity of the mixing and elastic contributions
to the free enthalpy for swollen networks, an isotropic deformation caused by swelling and a variation of
the elastic free energy that equals that of the elastic
free enthalpy, for which three additive terms were
provided in the original paper. Under these considerations, the change in the chemical potential related
to the elastic expansion of the polymer chains for the
equilibrium state according to the HHS model is
given by Equation (2):
- Vs $ z1rm/3 $ Gc $ F Qxm V
U elastic =
R$T

tube model which depends on the contribution of
cross-links and entanglements to the modulus in dry
state using Gc and Ge = GN/2, respectively, and the
release of topological constraints as a result of the
application of a deformation. The latter is represented by the parameter ξ, which is assumed to be equal
to the dry state value ξ0 varying between 0 (total release corresponding to a phantom network G = Gc)
and 1 (G = Gc+Ge). For the calculations with experimental data, ξ0 = 1 will be used in order to consider
the contributions of both cross-links and entanglements. The function F(xm) is calculated according to
Equation (3):
1 R5 + p W
G
p
0
F Qxm V = 1 - 3 $ GN $ Qxm V- 2 $
$ T1 + 0 Y +
3
c
- p0 - 4
2
Q xm V
G
(3)
+ R2p0 + 6 W $ T N Y $
G 2
- Gc
1 + 4 $ S GNc X $ Qxm V p0 3

Assuming the additivity of the elastic and mixing
free energy contributions [3–6] and considering [16]
Gc = Ac·(ρRT/Mc) (being Ac the microstructure factor
accounting for junction fluctuations and ρ the rubber
network density), a general expression for the average molecular weight between cross-links for the
equilibrium state (where ϕr = ϕrm) is obtained (Equation (4)):
Mc =-

Vs $ z1r /3 $ Ac $ t $ F Qxm V
ln R1 - z r W + z r + | $ z2r

(4)

It can be shown that this general expression naturally
includes the classical swelling models when introducing the length scales related to fluctuations of
cross-links, rc, and chain segments, re, [13] and their
relation to Ac:
▪ (Non-affine) phantom model: The limit of free
fluctuation of the junctions with [16] rc = re = ∞
corresponds to the model of James and Guth [10,
11]. In this model, the end-to-end vectors deform
affinely, while fluctuations of cross-links are not
affected by the external strain. Therefore, chain vectors deform non-affinely following Equation (5):

(2)

where Vs is the molar volume of the solvent, φrm the
volumetric fraction of rubber corresponding to the
maximum swelling conditions, R the gas constant,
T the temperature and Gc is the cross-link modulus
in the dry state, which contains information about
the average density of chemical junctions but does
not allow for distinguishing their specific nature
(e.g. mono-, di- or polysulfidic). F(xm) (with xm ≡
φ–2/3
rm ) is a factor derived from the free energy of the

2
Ac = 1 - f and F Qxm V = 1

(5)

where f is the cross-link functionality.
▪ Flory-Rehner model: It corresponds to an affine
model of the phantom network, which assumes that
the junction fluctuations are totally suppressed
leading to an affine deformation of the end-to-end
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2. Experimental section
2.1. Samples

vectors. In this case [16], rc = re = 0 and Ac and
F(xm) follow the dependences described in Equation (6):
2/3

Ac = 1 and F Qxm V = U1 - 2z r Z =
f

Three different rubber matrices, often used in technical applications, have been used in this work: Natural rubber (NR), styrene-butadiene rubber (SBR)
and butadiene rubber (BR). In all the cases, the groups
of samples contained different levels of curatives, so
that variations in cross-link density would be obtained. In addition, the compounds contained other
additional ingredients that can appear in technically
relevant rubber formulations, such as antidegradants,
plasticizers or co-cure accelerators as will be detailed
in the following paragraphs.
The recipes of the unfilled NR samples with different amounts of sulfur (between 1 and 2.5 phr) and
CBS (N-cyclohexyl-2-benzothiazolesulfenamide)
(between 1 and 3 phr) were provided in a previous
publication [20], where an in-depth assessment of
cross-link density by several methods was reported
for these samples. The samples contained in addition
2.5 phr of 6-PPD (N-(1,3-dimethylbutyl)-N′-phenylp-phenylenediamine), 3 phr of ZnO and 1 phr of
stearic acid.
Both the SBR and BR samples were mixed in tangential laboratory mixer and contained different
amounts of sulfur and CBS, with content ratio of S to
CBS equal to 1. The rest of the ingredients were kept
constant for each group. The following abbreviations
are used in Tables 1 and 2: DPD (N,N′-diphenylpara-phenylenediamine), DPG (diphenylguanidine)
and TDAE (treated distillate aromatic extract type
mineral oil). The amount of each ingredient is indicated in phr (parts per hundred rubber i.e. mass units
of an ingredient for a hundred mass units of rubber).

-

f - 2x m1
(6)
f

▪ HHS: This model adopts – beside the presence of
entanglements – the picture of restricted junction
fluctuations like in the work of Erman and Flory
[17]. The microstructure factor [18] Ac depends on
the range of cross-link fluctuations, rc, and the
root-mean-square distance between two succes1/2
sive cross-links or trapped entanglements, R02 ce
(Equation (7)):
2

K e-Kc
r
1
1
Ac = 2 + 1/2 $ c
and Kc = 6 $ 2c 1/2 (7)
r
erf QKcV
R0 ce
Assuming that rc can be identified with the tube radius [16] and expressing the average end-to-end distance of the network chains in terms of Mc (see e.g.
[19]), the approximation in Equation (8) in terms of
the average number of segments between cross-links
(Nc) and entanglements (Ne) is expected to hold:
Kc .

3
2 $

Ne
Nc

(8)

Using this formula, the Ac values can be calculated
for each compound individually. The value of the
function F(xm) is calculated following Equation (3)
which depends on the moduli in the dry state with
GN = R2/ 6 W $ R tRT/Me W , ξ0 and ϕr. A simplified
graphic representation of the relaxation of topological constraints in the swollen state as proposed by
the HHS model is shown in Figure 1.

Figure 1. Schematic representation of the relaxation of topological constraints in dry state (a) upon the immersion of the
network on a good swelling solvent (b): The virtual tube surrounding the chain becomes wider, and cross-links
fluctuate in a broader range.
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Table 1. Formulations for the unfilled SBR compounds
(in phr).
Samples
SBR

368

371

374

377

380

137.5

137.5

137.5

137.5

137.5

6-PPD

2.5

2.5

2.5

2.5

2.5

TDAE Oil

2.0

2.0

2.0

2.0

2.0

Stearic acid

3.0

3.0

3.0

3.0

3.0

DPD

0.5

0.5

0.5

0.5

0.5

ZnO

2.5

2.5

2.5

2.5

2.5

Sulfur

2.1

1.3

1.9

1.7

1.5

CBS

2.1

1.3

1.9

1.7

1.5

DPG

1.5

1.5

1.5

1.5

1.5

per sample and the final averages of the cross-link
modulus Gc and the entanglement modulus Ge (related to the average mass between entanglements Me
through the expression Ge = R1/ 6 W $ R tRT/Me W )
were further used for the calculations in this paper.
The average results for the coefficient of variation
(standard deviation multiplied by 100 and divided
by the mean value) of Gc and Ge considering different fitting ranges for a set of experimental data and
including NR, SBR and BR samples are below 5%,
with individual deviations not exceeding 10%.
2.2.2. Equilibrium swelling experiments
The samples were immersed in toluene at 23 °C during a minimum time of 12 hours. The excess of solvent was dried using blotting paper before the determination of the equilibrium swelling weight of the
sample. The samples were dried in an oven at 80 °C
during 2 hours for the determination of the weight
after extraction. The reported results are based on the
average of two measurements for each sample. The
difference with used NR experimental conditions (in
which the samples were immersed during 72 hours
at 25 °C, drying with blotting paper and then 24 h at
60 °C and using four specimens per compound) was
motivated by availability criteria since both procedures are assumed to be above the minimum time to
reach equilibrium swelling for the analyzed samples
and therefore equivalent in practice. The repeatability of the measurements in the described conditions
was high (coefficients of variation not exceeding 2%
in general).
The used experimental procedures did not include
extraction prior to swelling since it was assumed that
low molecular weight components would be extracted by the toluene (extracted fraction are between
30.7 and 31.8% for the SBR-based compounds and
between 24.3 and 24.9% in the case of the BR samples) and that this previous step might also enhance
the extraction of the antioxidants, leading to a higher
degradation and oxidation that might influence the
measurement.

Table 2. Formulations for the unfilled BR compounds
(in phr).
Samples

746

748

100.00

100.00

100.00

2.50

2.50

2.50

30.17

30.17

30.17

Stearic acid

3.00

3.00

3.00

DPD

0.50

0.50

0.50

Sulfur

1.30

1.70

2.10

CBS

1.30

1.70

2.10

DPG

1.50

1.50

1.50

ZnO

2.50

2.50

2.50

BR
6-PPD
TDAE oil

744

All samples were cured at 150 °C up to t90 (vulcanization time corresponding to a torque level of 90%
of the maximum torque).

2.2. Experimental procedure
The procedures described below correspond to the
experimental methods applied for the SBR and BR
samples, while the details for NR testing can be
found in reference [20].
2.2.1. Stress-strain experiments and tube model
fittings
Uniaxial stress-strain measurements of S2 dumbbells
were carried out on a Zwick tensile tester at a strain
rate of 10 mm/min (~50%/min for an initial length
of 20 mm) in order to ensure quasistatic conditions
and enable the application of the extended tube model
of rubber elasticity for calculation. The test temperature was 23 °C. Fittings of the experimental data to
the tube model [13, 25] were carried out with a
MATLAB programmed tool which included a selfconsistent numerical code for the calculation of the
microstructure factor Ac. Several fittings were done

3. Results
As shown in the general equation for the calculation
of Mc from swelling experiments Equation (4), the
product of the factors Ac and F(xm) defines the individual dependences of each physical model. Therefore, the different approaches to describe the elastic

734

Basterra-Beroiz et al. – eXPRESS Polymer Letters Vol.12, No.8 (2018) 731–739

phantom models for the series of unfilled NR compounds [20] vulcanized with sulfur and CBS. Opposite to them, the HHS model reflects the increasing
restriction of junction fluctuations at higher entanglement densities expected for real networks. In
swollen state, the rubber network is deformed and
the virtual tube caused by entanglement effects deforms non-affinely [12] as shown in Equation (10):

behavior of rubber networks in swollen state can be
compared through the factor B, which is defined in
Equation (9):
B = Ac $ F Qxm V

(9)

The variation of Ac, F(xm), their product B and the
finally obtained Mc values according to each of the
swelling models presented in the Introduction are illustrated in this section. The reported swelling-related calculations have been done following previously
published recommendations [9] and using the χ parameter for the pair NR-toluene [21]: χNR-toluene =
0.427 + 0.112·ϕ2r .
Starting with the microstructure factor Ac, Figure 2
shows the two extreme values associated to the
oversimplified affine Flory-Rehner and non-affine

dsw = d0 $ z-r 1/2

(10)

where dsw and d0 are the tube radii in swollen and
dry state, respectively. The large deformation and the
consequent partial release of the packing effects in
the swollen samples bring the network behavior near
the limit of free fluctuation of the junctions. Nevertheless, it is important to note the appreciable increment of Ac with Mc/Me ratio, which evidences the
importance of taking into account the entanglement
effect in the elastic response of swollen samples.
In the case of the function F(xm), Figure 3a shows that
it presents a slight decrease with ϕr for the HHS approach. Although the showed HHS trend is closer to
the behavior described by the affine model (being
those values below the maximum value of 1 of the
non-affine phantom model), it is important to remark
that the underlying physical framework for both approaches is different. The values of F(xm) for the
Flory-Rehner and phantom models depend only on ϕr,
while the observed scattering of the HHS model is due
to an additional dependence: F(xm) varies with Mc/Me
(Figure 3b), showing higher quantitative differences
with the Flory-Rehner and phantom models.

Figure 2. Microstructure factor Ac for unfilled NR samples
vulcanized with different S/CBS ratios (different
Mc/Me).

Figure 3. a) F(xm) for the Flory-Rehner, HHS and phantom models as a function of the volumetric fraction of rubber ϕr;
b) Variation of F(xm) in the HHS model with Mc/Me in comparison to the Flory-Rehner and phantom model results.
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Figure 4. Model-dependent factor B as a function of the
volumetric fraction of rubber for unfilled SBR,
BR and NR compounds.

Figure 5. Average mass between cross-links Mc by different
swelling models versus the results of tube model
fittings of stress-strain curves. The HHS model
presents the best quantitative agreement between
swelling and mechanical characterization.

The overall effect of the Ac and F(xm) factors is shown
in Figure 4 through the study of the variation of the
model dependent factor B with ϕr for three different
types of unfilled rubbers: NR, SBR and BR. The observed general trend is the same for all the compounds: The HHS model calculations generally tend
to approach the phantom model values for increasing
ϕr, as presented in the original theoretical paper [12].
Therefore, the deviation between both models needs
to be critically considered, especially when analyzing the results of samples with low cross-link densities (related to high Mc/Me values). It is observed that
for the used materials and range of volumetric fractions of rubber, the HHS model is quantitatively
closer to the phantom model. Note that the discussion in refs [22–24] favored the use of the phantom
model versus the Flory-Rehner model and did not
consider the HHS model yet.
An example of the application of the presented HHS
model to experimental data is shown in Figure 5,
where the Mc results from swelling for the unfilled
NR samples are plotted versus Mc from uniaxial
quasi-static stress-strain data analyzed with the wellestablished extended tube model of rubber elasticity
[13, 25]. It should be noted that the average mass between cross-links Mc is related to cross-link density
νc through νc =(ρNA)/Mc , where ρ denotes the density and NA Avogadro’s constant i.e. the higher the
molecular mass between cross-links, the lower is the
density of chemical junctions per unit volume. Figure 5 evidences that the final Mc values obtained by
application of the HHS model are the closest results
to the line of total correspondence between swelling
and mechanical testing (a linear fitting without

intercept has a slope of 0.91 with R2 = 0.831) and
they are in-between the two limits represented by the
classical Flory-Rehner and phantom approaches.

4. Discussion
Once a constrained model for the elastic contribution
in swollen state has been applied, the observed deviations in Figure 5 for the HHS model (with a maximum difference with respect to the tube model fittings of 20%) should be mainly related to experimental variations in both swelling and mechanics
and the parameter χ, which reflects the complex network swelling behavior. Consequently, it is proposed
to take advantage of the high consistency in the assumptions behind the HHS model and the tube
model, in order to combine equilibrium swelling experiments and mechanical tests (tube model stressstrain fitting results as input in Equation (4)) to evaluate the χ parameter in swollen rubber networks.
Using this approach for the described unfilled NR
compounds, the obtained results show differences
between 0.2 and 8% from the estimations using the
Flory-Huggins function proposed by Horkay et al.
[21] (Figure 6). Ideally, if the experimental errors are
low enough, it is possible to track the change of χ as
a function of the volumetric fraction of rubber as it
is shown for the unfilled SBR samples with S/CBS = 1
and different sulfur levels in Figure 7. Note that in
this case, a specific consideration of non-elastic network chain defects has not been considered to correct Mc values from mechanical and swelling tests
[26], which leads to an additional dependence on the
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assumption between mixing and elastic components
of the free energy and the use of simplistic models
of rubber elasticity [33]. The latter effect has been
minimized by using the HHS approach; therefore the
observed variation of χ is just a consequence derived
from the failure of the mean-field assumption inherent to the Flory-Huggins model caused by the application of Flory-Rehner theory beyond its validity
limit (e.g. large degree of swelling) [33].
Although the characteristic equations of the HHS
model are of higher complexity than for the phantom
and Flory-Rehner models, this can be overcome by
reasonable approximations. In particular, in the case
of moderately cross-linked networks (i.e. with strong
topological constraints [13] and non-negligible crosslink density but far from the limits of highly crosslinked and entanglement dominated networks) which
are of interest for technical applications, it is possible
to use (see [16] and [20]) (Equation (11)):

Figure 6. Estimated χ using the proposed calibration (black
points) and comparison with the literature values for
the NR-toluene pair: constant [27, 28] and variable
[21] with ϕr.

sample preparation and curing (which could be the
reason for the lack of clear trends in Figure 6).
The proposed approach constitutes an improvement
in the accuracy of the obtained result, given that
previous strategies to calculate χ from calibrations
considered the Flory-Rehner result [29] or the phantom model [26]. This calibration procedure is especially interesting for the study of polymer networks
with unknown χ values because it is inexpensive, relatively quick and only requiring the use of standard
laboratory devices.
It is important to point out that the reported concentration dependence of χ for cross-linked polymers
[21, 30–32] has been related to both the additivity

Nc . Ne
Ac . 0.67
GN
Mc
2
Gc = 6 $ Ac $ Me . 1.219

(11)

Using the approximations in Equation (11), the HHS
model can be used for standalone evaluations of
swelling experiments without the need of mechanical
testing to obtain Ac, GN and Gc. Using the unfilled
NR samples as example, the difference between the
Mc results of the calculations with the full model and
its approximation (Equation (11)) is between 1 and
9% (taking as reference the original equation). Similarly, the comparison of the characteristic factor B
gives differences between 1 and 15% for the SBR
samples and between 6 and 9% for the analyzed BR
compounds. It should be noted that the appropriateness of the proposed approximated evaluation will
depend on how much the sample differs from the condition Ac ≈ 0.67, which overall is a reasonable value
to use in a standalone application of the HHS model.

5. Conclusions
In the present work, the application of the HHS model
was exemplified for a limited set of data consisting
of several groups of unfilled rubber samples in order
to provide a first proof of the principle behind this
approach and make the analytical equations for experimental data analysis available to the scientific
community, which might stimulate a broader valida-

Figure 7. Estimated χ using the proposed calibration versus
tube model fitting results of mechanical testing for
unfilled SBR samples with a constant sulfur/accelerator ratio.
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active in swollen state) but not on entanglement
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they are compared to the structural parameters obtained by fits of stress-strain curves through the extended non-affine tube model [26]. These deviations
have been related to an expected, but undefined, systematic error of the phantom reference network concept. Following the arguments of the HHS model and
the experimental evidences shown in this work, it
seems obvious that even in the high Q regime the entanglement-related packing effects are not completely released and, consequently, their conformational
constraints are measurable (e.g. NMR experiments
[24, 26, 36]) and have to be taken into consideration
for the data analysis. Finally, it is important to remark that the entanglement contribution to the elastic behavior of swollen rubber networks could not
be applied as a simple rescaling factor because it is
dependent on structural parameters (e.g. Mc, Me)
and, consequently, it could be different for each rubber matrix and network structure.
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